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mmm... just one more week!
today's topics:
- number theory! (well, basic notions like divisibility and gcd, don't get too excited)

- proof that some number is irrational (guess which proof method we're using!)
- hmm... we're also supposed to review some proofs in the textbook...

Tutorial Worksheet 10

1) Study The Eunclidean Algorithm again, and check how proposition 6.2.2 is applied.

try computing ged(102, 960) using the euclidean algorithm first! Proposition 6.2.2. Let a, b and k be integers, with @ and b not both zero. Then ged(a, b) = ged({a—FEb, b).

the euclidean algorithm is used to compute the gecd of two natural numbers. \\’—M-\/q

ea(ck (lfl 15} %CA( lol{ 0][,0)
- %CMK“, 5 ) ""360\@”\ o))
:?(a\(lS-K!\S’—) g ?co\Qﬁ{,u,- ‘7407_[(01)
- %cé\(wl 10) - (78(_&( H(lol\
- Ca(ckLS“low - rguk(\ollwl\
= dlay ) ~ ad (-1l W)
- 0(}@(18,%@
- Clo, 1)
T ocd (U2 1)
= ‘?cdt 6,19
2 %cd(\%l Q
“—‘5{0\( \&-26 '(o>

>9d(o ,Joj [

3) Let a,b € N and d = ged{a, b). Prove that ged(§, r;,l =1.

(you can just show that a/d, b/d don't have any positive factors in common besides 1)
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PX/ ’ﬂ ), Theorem 6.2.4. (Bézout’s Identity)

Let a and b be two integers, not both zero. Then there are m,n € Z, such that

a-m+b-n=ged(a,b).
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2} Study the unigqueness part of the fundamental theorem of arithmetics again.
Theorem 6.3.3 (The Fundamental Theorem of Arithmetic). Fvery natural number n = 2 is either a
prime, or can be expressed as a product of powers of distinet primes, in a unique way (except for reordering

of the factors).

Proof. We have already proved the existence part of the theorem (Theorem 4.5.1). We thus proceed by
proving the uniqueness part, using strong induction.

For the base case, n = 2, the theorem holds true, as 2 is a prime number. Assume that the unigueness
part of the theorem is true for n = 2,3,4,. .., k, and consider the number k& + 1. We already know that
k+ 1 is a prime number, or can be expressed as a product of prime numbers. Our task is to prove that, if
k41 is composite, then its factorization is unique.

We use a similar strategy we used in the proof of the Division Algorithm (Theorem 6.1.2). Suppose

that we can factor k4 1, as a product of distinet powers of primes, in two ways. That is

k+1=piteps?opf = @, ()
where p1, ..., pe g1, ... @ are prime numbers, and ay, ..., ag, by, ..., by, are natural numbers.
Clearly, p|k + 1, as p; appears in the product pj' - p§? - -+ -p;”. Therefore, p; must divide the other
representation of &+ 1:
play g5t -

Now, as py is prime, we conclude, from Euclid’s Lemma, that it must divide one of the numbers qp., .. .. gm.

Assume, for simplicity, that py|q, (if py divides one of the other ¢'s, we can re-assign indices, so that py|q).
Remember that ¢ is also a prime number, and so its only positive divisors are 1 and q,. As p; # 1, we

conclude that py = ¢;. We now divide the equalities (+) by p; (or, equivalently, by g;), and obtain

k+1 1 a -1 b b
St U CERRE L (R R
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Finally, we can use the induction hypothesis to complete the proof. As "PLI] is smaller than k + 1, it is
covered by our hypothesis, and thus satisfies the uniqueness part of the theorem. This means that the p's,

the ¢'s, and the corresponding exponents must be the same. More explicitly,
¢ The nmumber of factors is the same. That is, { = m.

e The prime factors themselves have to be the same, though perhaps in some other arrangement. Thus,

possibly after some re-indexing, we have py = q1, p2 = g2, ..., P = 4.
¢ The exponents on the factors have to be the same, ie., 0y —1=b — 1, a0 =bo, ..., ap = by.

We conclude, from the above observations, that the two initial factorizations for k<41 (in (+)) were identical,

as needed. We have thus proved the uniqueness part for k+1, which concludes the proof of the theorem. [
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4) Prove that \,‘f'ﬁ is an irrational number.

(see claim 6.3.2 if you need a hint on how to proceed)
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Claim 6.3.2. The number /7 is irrational. That is, V7 & Q.

Proof. We prove the claim by contradiction. Assume that +/7 is a rational number. Then /7 = £ for some
nonzero integers a,b. As 7 > 0, we may assume that a, b > 0. Moreover, we assume that ged(a,b) = 1
(namely, a and b are relatively prime), in which case the fraction § is said to be in lowest terms, or
completely reduced.
From the equality v7 = §. we get
a’ 5

= = T =d

and hence 7|a? (or 7]a - a). By Euclid’s Lemma, 7|a, and hence a = Tn for some integer n. Replacing a by
Tn gives

7 = (Tn)? = 7h% = 49n? = b = Tn?,
from which we conclude that 7|L*2. Again, by Euclid’s Lemma, we see that 7|b, leading to a contradiction.
The fraction § was assumed to be in lowest terms, which is inconsistent with our conclusion, that both a
and b are divisible by 7.

Consequently, our initial assumption must be false, and thus /7 & Q. O

Claim 6.3.1 (Euclid’s Lemma?®).

Let p = 1 be a prime number, and a,b € Z. If p|ab, then pla or plb.
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