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hmm... today's tutorial will be kinda short. :p

topics:
- strong induction
yea that's it. ask any questions you have!

1) Check the proof of Theorem 4.5.4 again. The theorem states: every natural number

n can be expressed as a sum of distinct nonnegative integer powers of 2.
try a few examples! how would the induction step work for

Explain why it is essential to apply strong induction. k=8, and k = 9, for example?

Theorem 4.5.4. Every natural number n can be expressed as a sum of distinet nonnegative integer powers

Of 2.3

Proof. The base case is easily verified, as 1 = 27,
Let k& € M, and assume that the theorem holds true for n = 1,2,3,..., k. We need to prove that k + 1
can be expressed as a sum of distinet nonnegative integer powers of 2, and we do that by looking at the

following two possible cases.

e Case 1: k is even.

By assumption, the theorem applies to n = k, and so we can write

k=291 4992 4 ... 4 9%m , Assume P(1), P(2), ..., P(k) assum P(k)

where ay,...,a, are distinct positive integers. As k is even, the term 2" does not appear in the

sum. Consequently, x 0
fot1=2049m y9a0 .4 g ?(«\ E \ =~ ),

and we have expressed &k + 1 in the required form.
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e Case 2: k is odd.
The argument used in Case 1 won't work here (why?), so we use a different approach. As k is odd,

k+1is even, and we can write k+1 = 2m, for some m € M. As m is smaller than &+ 1, the induction

2 \
mo= 27 4272 4 2% ?Lq\ -}1 1*2 _ezo

for some nonnegative distinet integers ag, ..., a,, (this time, one of the a;'s may be zerol). P ) } ‘2/
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hypothesis applies, and we have

We conclude that

k41 =2m =20t pomtly oy pamtl
as needed. Note that since ay,aq, ..., a,, are distinct, so are a; + Lias +1,... .4, + 1.

We proved the theorem for n = k + 1, and hence, by strong induction, for any n € [N, O

in case 2, we don't actually assume that m = k. all we know is that 1 <= m <= k. if we use simple
induction instead, then the induction hypothesis (P(k)) might not necessarily apply to m, as m
might not be equal to k; while in strong induction as long as 1 <= m <= k (and m is an integer)
we may apply the induction hypothesis.

2) Check the proof for Theorem 4.5.1 again. The theorem states: every natural number
n > 2 can be written as a product of prime numbers.
Explain how the induction hypothesis is applied to prove the claim.

Theorem 4.5.1. Every natural number n = 2 can be written as a product of prime numbers.

again, try some examples! how would the induction step apply to k = 7 and
k = 18, for example?

Proof. We use strong induction in our proof, and n = 2 as our base case.

If n = 2, the theorem is valid, as 2 is a prime number. Assume that the theorem holds true for k‘“ ;
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n=23,4,.... k (for some natural munber £ > 2}, and consider n = k + 1. If &+ 1 happens to be a prime
mumber, the theorem applies. Otherwise, k + 1 is composite, and is divisible by some natural number

2 < m < k. Equivalently, k + 1 = m - £, where m, { are natural numbers between 2 and k.
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Both m and { are natural numbers, greater than 1 and smaller than & + 1, and hence covered by \

the induction hypothesis. Therefore, m and £ are products of prime numbers, and consequently, so is L‘, d, )
ktl=m-f(. ‘V‘d’\ %

By PSMI, the theorem is valid for all natural numbers n > 2. O % - @ @ - 1 1 l
1 \

because m and | need to be covered by the induction hypothesis! we don't know if m = k or | =
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By PSMI, the theorem is valid for all natural numbers n > 2, ] % - @ @ - 1 1 7_
because m and | need to be covered by the induction hypothesis! we don't know if m = k or | =
k; all we know is that 2 <= m <= k. j\ \

3) Let (a,) be a sequence satisfying a,, = 2a,_1 + 3a,_»2 for n > 3. Given that a, and 1 T—H
ay are odd, prove that a, is odd for n € N.
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N d \/ as a general rule of thumb, the number of base cases you need is equal to
Baw e = 30 a, v edd

| the number of hypotheses you need for your induction step.

(in our case, we need P(k - 1) and P(k) in our induction step, so we need 2 base cases)
A . (\C}\
\k a)y o v/

Induchn  stey Assuie -QLQ_,_,_\M-),

P00 PO
/ A

o, odd o o%oh
W s PlesV) = ag, b odd” =

3:/\[3_ \g?ﬂ_{ il 23 . Se O‘k-«‘ : _"ic:'mcﬂn:,\z/ 00\(5

A GC} (}
s S\\NS DUP“\‘ Csate Tyt od cl)

New Section 1 Page 2



