
Example: f : R→ R, f(x) = x sin(x) is not uniformly continuous.

Proof. Let ε = 1. We show that ∀δ > 0, there are x, y ∈ Rwith |x− y| < δ and |f(x)− f(y)| > ε.

We will use the following fact: on some interval [0, ρ), we have sin(x) ≥ 1
2x. The proof of this

fact is not obvious, and requires additional tools (probably Taylor series). However, it should
be apparent from the graph of sin: in a physicist’s language, sin(x) ≈ x ≥ 1

2x. Don’t do this on
your assignments.

So choose 0 < ρ < δ so that sin(x) ≥ 1
2x for x ∈ [0, ρ).

Choose k ∈ N large enough so that 2kπ > 4
ρ . Choose x = 2kπ, y = 2kπ + ρ

2 . We have
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Thus

|x sin(x)− y sin(y)| =
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= 1 = ε.

This completes the proof.


