MAT157 Tutorial 8

Given a function f: I — R and c € I, we say that f is differentiable at c if the limit
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exists. If it exists, we define the derivative of f at ¢, written f’(c), to be the above limit. We say f is
differentiable if it is differentiable at all ¢ € I. In this case, we can define the derivative function (or

simply derivative) f': I — R by z — f'(z).
Recall some properties of the derivative we have shown:

e The derivative is linear: if f and g are both differentiable at ¢, then so is f + g, and (f + g)'(c) =
f'(c)+¢'(e). If f is differentiable at ¢ and « € R, then so is af, and (af)'(c) = af’(c).

e Power rule: if f: I — R is defined by f(z) = 2™ with n € N, then f is differentiable and

fl(x) = nz" L.

e Product rule: if f and g are both differentiable at ¢, then so is fg, with

(f9)'(e) = f'(e)g(e) + f(e)g ().

e Quotient rule: if f and ¢ are both differentiable at ¢, and g(c) # 0, then so is f/g, with
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Problem 1
Find the derivative of the following functions.
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Problem 2
Let f: R— R, f(z) = /. Show that !
fCR f@) =& o Uy~
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for all using\ the limit definition of the derivative.
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Problem 3
Let f:R\ {0} = R, f(z) = - with n € N. Show that & .
Gys % W
f’(l‘) = __:+1 X'{ i ( _y\-\\> L,/ we qy‘)\&‘\
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for all z # 0 using the limit definition of the derivative. =" _
Hint: a™ —b" = (a —b)(a" * +a”2b+... +ab" 2 +b"1). RN
NS /
Vo = S0
)\ 9 | - A% * |
.——'L PEEEE———
3 LS gL \\-\'\'—)\\ (»C\OV‘\
- Q}m \ { W —b]\’\ \
j M )‘V\‘J\A U Y g )
— l()\“m \ wa %a)
=T ey L)
\
- - N —— Sl WA : _
yn N9 T gyt k\f}f\{‘q
Co | - B
Co«\Jh\uﬁ\) - - - va‘ =< \" ! 4 K"" 'ff"")
- A n n -l o n
7\1" IS = 1’\” .
Problem 4 (Generalized Product Rule)
Suppose f1, fz, ..

., [n are functions that are all differentiable at c¢. Let f be the product of all f;:

f=11#

=1
Show that \ |
L G AU
fle=Y (f{(c) II fj(c)) :
i=1 J=1,j#i
What does this say if n = 27 Hint: Use induction and the product rule
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Problem 4 (Generalized Product Rule)
Suppose fi, fa,..., fn are functions that are all differentiable at c¢. Let f be the product of all f;:

Show that
flley=> (f{(C) [] fj(c)) :
i=1 J=1,j#i

What does this say if n = 2?7 Hint: Use induction and the product rule.
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Problem 5

Define g : R — R by

«m={% e

¢ z€Q.

On which points (if any) is g differentiable? Where is g non-differentiable?
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Problem 6
Let ¢ > 0. Find the area of the triangle bounded between the z-axis, the y-axis, and the line tangent
to the curve y = I at c.
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